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SERRE’S CONDITION FOR TENSOR PRODUCTS AND n-TOR-RIGIDITY
OF MODULES
HIROKI MATSUI
Abstract. In this paper, we study Serre’s condition (Sn) for tensor products of modules over
a commutative noetherian local ring. The paper aims to show the following. Let M and N
be finitely generated module over a commutative noetherian local ring R, either of which is
(n+1)-Tor-rigid. If the tensor product M ⊗RN satisfies (Sn+1), then under some assumptions
TorR
i
(M,N) = 0 for all i ≥ 1. The key role is played by (n + 1)-Tor-rigidity of modules. As
applications, we will show that the result recovers several known results.
1. Introduction
Throughout this paper, R denotes a commutative noetherian local ring with maximal ideal
m, and Xn(R) denotes the set of prime ideals p of R with ht p ≤ n.
Torsion in tensor products of finitely generated R-modules has been well studied deeply by
many authors [1, 16, 18, 22] with relation to the Auslander-Reiten conjecture (see [9]). Such a
study is initiated by Auslander and he proved the following result [1, 22].
Theorem 1.1 (Auslander, Lichtenbaum). Let R be a regular local ring and let M,N be finitely
generated R-modules. If M ⊗R N is torsion-free, then Tor
R
i (M,N) = 0 for all i ≥ 1.
Three decades later, Huneke and Wiegand [16, 17] generalized the Auslander’s result for
hypersurface local rings, which is known as the second rigidity thoeorem.
Theorem 1.2 (Huneke-Wiegand). Let R be a hypersurface local ring and let M,N be finitely
generated R-modules, either of which has rank. If M ⊗R N is reflexive, then Tor
R
i (M,N) = 0
for all i ≥ 1.
Recall that a finitely generated R-module M satisfies the Serre’s condition (Sn) if the in-
equality depthRp(Mp) ≥ min{n, ht p} holds for all p ∈ SpecR. We note that a non-zero finitely
generated R-module M is torsion-free if and only if it satisfies (S1) over a regular local ring
and that M is reflexive if and only if it satisfies (S2) over a hypersurface local ring. From this
observation, Huneke, Jorgensen and Wiegand [15] asked the following question.
Question 1.3 (Huneke-Wiegand-Jorgensen). Let R be a complete intersection local ring of
codimension c and M , N finitely generated R-modules. If M ⊗R N satisfies (Sc+1), then does
TorRi (M,N) = 0 hold for all i ≥ 1?
The answer to this question is given by Dao [11] under some extra assumptions on M and N :
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Theorem 1.4 (Dao). Let R be a complete intersection local ring of codimension c whose
completion is a quotient of an unramified regular local ring. Let M,N be finitely generated
R-modules. Assume:
(1) Np is free for p ∈ X
c(R).
(2) M and N satisfy (Sc).
If M ⊗R N satisfies (Sc+1), then Tor
R
i (M,N) = 0 for all i ≥ 1.
The key role of the proof of Theorem 1.4 is played by n-Tor-rigidity of modules; see Definition
2.4 for the definition of n-Tor-rigid modules. Indeed, the proof relies upon the fact that the
vanishing of eta pairing, which is a generalization of Hochster’s theta pairing, implies that c-Tor-
rigidity of a pair of finitely generated R-modules. The unramified assumption on an embedded
regular local ring is used here. In addition, it is shown by Murthy [21] that over a complete
intersection local ring R of codimension c, every finitely generated R-module is (c+1)-Tor-rigid.
In this paper, we consider another direction of a variant of Theorems 1.1 and 1.2. Namely, we
consider the following question.
Question 1.5. Let R be a noetherian local ring and M,N finitely generated R-modules and
n a non-negative integer. If M ⊗R N satisfies (Sn+1) and either M or N is (n + 1)-Tor-rigid,
then does TorRi (M,N) = 0 hold for all i ≥ 1?
The aim of this paper is to give an answer to this question. Precisely, we prove the following
result.
Theorem 1.6 (see Theorem 3.4). Let n be a non-negative integer and let R be a noetherian
local ring satisfying (Sn) for n ≥ 1 and (S1) for n = 0. Let M and N be finitely generated
R-modules. Assume:
(1) N satisfies (Sn) and Np is free for p ∈ X
n(R).
(2) M is stably isomorphic to the nth syzygy of an (n + 1)-Tor-rigid module.
If M ⊗R N satisfies (Sn+1), then Tor
R
i (M,N) = 0 for all i ≥ 1.
Here, we say that two finitely generated R-modules M and N are stably isomorphic if there are
finitely generated free R-modules F and G such that M ⊕ F ∼= N ⊕G.
If we assume R is a complete intersection local ring of codimension c, then every finitely
generated R-module is (c + 1)-Tor-rigid and that a finitely generated R-module is the cth
syzygy of some finitely generated R-module if and only if it satisfies (Sc). Thus, this result
recovers Theorem 1.4. Moreover, I want to emphasize that the unramified assumption on an
embedded regular local ring is removed in our theorem.
The organization of this paper is as follows. The Section 2 is devoted for the preparation of
the proof. In Section 3, we will prove Theorem 3.4 and give several applications of the main
theorem, which recovers some known results such as Theorem 1.4.
2. Preliminaries.
In this section, we recall several basic definitions including that of an n-Tor-rigid module for
later use.
Definition 2.1. ([4]) Let M be a finitely generated R-module. A (codimension c) quasi-
deformation of R is a diagram R → R′ և Q of local rings such that R → R′ is fully faithful
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and R′ և Q is surjective with kernel generated by a Q-regular sequence (of length c). The
complete intersection dimension of M is defined to be
CI-dimR(M) := inf{pdQ(M ⊗R R
′)− pdQR
′ | R→ R′ և Q is a quasi-deformation of M}.
Definition 2.2. Let M be a finitely generated R-module. The complexity of M is
cxR(M) := inf{c ≥ 0 | there exists r > 0 such that βi(M) ≤ ri
c−1 for all i≫ 0}.
Here, βi(M) := dimk Ext
i
R(M, k) denotes the ith Betti number of M .
For the basic properties of complete intersection dimension and complexity, we refer the
reader to [2, 3, 4]. We only record the following important fact on complete intersection
dimension and complexity.
Proposition 2.3 ([4, Theorem 1.3] and [14, Theorem 2.3]). The following are equivalent for a
noetherian local ring R.
(1) R is complete intersection.
(2) CI-dimR(M) <∞ for every finitely generated R-module M .
(3) cxR(M) <∞ for every finitely generated R-module M .
This is the case, cxR(M) ≤ codimR for every finitely generated R-module M .
Here, we give the definition of an n-Tor-rigid module.
Definition 2.4. Let n be a positive integer. We say that a finitely generated R-module M is
n-Tor-rigid if for a finitely generated R-module N and a positive integer t, the n-consecutive
vanishing TorRi (M,N) = 0 for i = t, t + 1, . . . , t + n − 1 implies that Tor
R
i (M,N) = 0 for all
i ≥ t.
There are various examples of n-Tor-rigid modules in the literature.
Example 2.5. (a) ([21, Corollary 1.9]) Assume that R is a complete intersection local ring of
codimension c. Then every finitely generated R-module is (c+ 1)-Tor-rigid.
(b) ([11, Corollary 6.8]) Let R be a local complete intersection ring of codimension c > 0 whose
completion is a quotient of an unramified regular local ring. Then a finitely generated
R-module M is c-Tor-rigid if cxR(M) < c.
(c) (cf. [8, Corollary 4.3] and [19, Proposition 2.3]) Let M be a finitely generated R-module.
If CI-dimR(M) = 0 and cxR(M) = c, then M is (c+ 1)-Tor-rigid.
(d) ([6, Theorem 5(ii)]) Let I be an ideal satisfying mI 6= m(I : m). Then R/I and hence I is
2-Tor-rigid.
(e) ([20, Lemma, page 316]) Let M be an R-module with mM 6= 0. Then mM is 2-Tor-rigid.
We introduce the following fact which is essentially shown by Auslander [1, Lemma 3.1],
since it is the prototypical result of our main theorem.
Proposition 2.6. Let R be a noetherian local ring and M,N finitely generated R-modules.
Assume:
(1) N has a (constant) rank.
(2) M is 1-Tor-rigid.
If M ⊗R N satisfies (S1), then Tor
R
i (M,N) = 0 for all i ≥ 1.
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Proof. Consider the short exact sequence 0 → ⊤N → N → ⊥N → 0 where ⊤N and ⊥N are
torsion and torsion-free part of N , respectively. Tensoring this sequence with M , we obtain an
exact sequence
TorR1 (M,⊥N)→M ⊗R ⊤N
α
−→ M ⊗R N
β
−→M ⊗R ⊥N → 0.
As M ⊗R ⊤N is torsion and M ⊗R N is torsion-free, the map α must be zero and thus β is an
isomorphism. If it is shown that TorR1 (M,⊥N) = 0, then M ⊗R ⊤N = 0 and hence ⊤N = 0.
Therefore we may assume that N is torsion-free.
Since N is a torsion-free R-module having a rank, we can take a short exact sequence
0→ N → F → C → 0
with F free and C torsion. From this short exact sequence, we get an exact sequence
0→ TorR1 (M,C)→ M ⊗R N →M ⊗R F →M ⊗R C → 0.
Since TorR1 (M,C) is torsion and M ⊗R N is torsion-free, we see that Tor
R
1 (M,C) = 0. Then
the 1-Tor-rigidity of N shows TorRi (M,C) = 0 for all i ≥ 1 and in particular Tor
R
i (M,N) = 0
for all i ≥ 1. 
3. Main theorem and its applications
The purpose of this section is to prove our main theorem. Before beginning the proof, we
establish several lemmas.
Lemma 3.1. Let M and N be finitely generated R-modules, and x := x1, . . . , xn an N-regular
sequence. If TorR1 (M,N/xN) = 0, then Tor
R
1 (M,N) = 0. The converse holds if moreover x is
regular on M ⊗R N .
Proof. The first statement follows easily from Nakayama’s lemma.
Assume that x is regular on both M ⊗RN and N and that Tor
R
1 (M,N) = 0. From the short
exact sequence 0→ N
x1−→ N → N/x1N → 0, we obtain an exact sequence
TorR1 (M,N) = 0→ Tor
R
1 (M,N/x1N)→ M ⊗R N
x1−→M ⊗R N →M ⊗R (N/x1N)→ 0.
Then we have TorR1 (M,N/x1N) = 0, since x1 is regular on M ⊗R N . On the other hand, the
isomorphism M ⊗R (N/x1N) ∼= (M ⊗R N)/x1(M ⊗R N) shows that the sequence x2, . . . , xn is
regular on both M ⊗R (N/x1N) and N/x1N . Therefore the induction argument on n shows
that TorR1 (M,N/xN) = 0. 
Lemma 3.2. Let M and N be finitely generated R-modules, and x := x1, . . . , xn an N-regular
sequence such that xTorRi (M,N) = 0 for i = 1, . . . , n. If Tor
R
n+1(M,N/x
2n−1N) = 0, then
TorRi (M,N) = 0 for i = 1, 2, . . . , n+ 1. Here, x
2n−1 denotes the sequence x2
n−1
1 , . . . , x
2n−1
n .
Proof. Notice that TorRn+1(M,N) = 0 holds by Lemma 3.1. We prove Tor
R
i (M,N) = 0 for
i = 1, . . . , n+ 1 by induction on n.
SERRE’S CONDITION FOR TENSOR PRODUCTS AND n-TOR-RIGIDITY OF MODULES 5
Suppose that n = 1. Consider the following pullback diagram of N
x1−→ N and a free cover
F → N :
0 0
N/x1N
OO
N/x1N
OO
0 // ΩN // F //
OO
N //
OO
0
0 // ΩN // W //
OO
N //
x1
OO
0
0
OO
0
OO
Then the middle column means that W is the first syzygy of N/x1N i.e., W = Ω(N/x1N).
Applying M ⊗R − to the middle and the bottom rows, we get a commutative diagram
TorR1 (M,F ) = 0
// TorR1 (M,N)
// M ⊗R ΩN
TorR1 (M,Ω(N/x1N)) = 0
OO
// TorR1 (M,N) //
x1
OO
M ⊗R ΩN.
Thus the assumption x1Tor
R
1 (M,N) = 0 implies that Tor
R
1 (M,N) = 0.
Now let n ≥ 1 and set Nk := N/(x
2n−1
1 , . . . , x
2n−1
k )N for k = 0, . . . , n. First we show:
Claim. x2
k
TorRi (M,Nk) = 0 for k + 1 ≤ i ≤ n.
Proof. Let us proceed by induction on k. If k = 0, there is nothing to prove. Consider the
case of k ≥ 1 and assume x2
k−1
TorRi (M,Nk−1) = 0 for k ≤ i ≤ n. The short exact sequence
0→ Nk−1
x2
n−1
k−−−→ Nk−1 → Nk → 0 induces the following commutative diagram
TorRi (M,Nk−1) // Tor
R
i (M,Nk) // Tori−1(M,Nk−1)
TorRi (M,Nk−1)
//
x2
k−1
j =0
OO
TorRi (M,Nk)
//
x2
k−1
j
OO
Tori−1(M,Nk−1)
x2
k−1
j =0
OO
with exact rows. By the induction hypothesis, the left and the right vertical maps are zero.
Hence we obtain x2
k
Tori(M,Nk) = 0 for k + 1 ≤ i ≤ n. 
In particular, we have x2TorRi (ΩM,N1) = 0 for 1 ≤ i ≤ n− 1. On the other hand, there is an
isomorphism
TorRn (ΩM,N1/(x
2n−1
2 , . . . , x
2n−1
n )N1)
∼= TorRn+1(M,N/x
2n−1N) = 0
from the assumption. Therefore, the induction hypothesis shows TorRi (ΩM,N1) = 0 for 1 ≤ i ≤
n. By Lemma 3.1, we get TorRi (M,N) = 0 for 2 ≤ i ≤ n + 1. Finally, from Tor
R
2 (M,N1) = 0
and x21Tor
R
i (M,N) = 0 for i = 1, 2, we also obtain Tor
R
1 (M,N) = 0. 
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Recall that the codimension of a finitely generated R-module M is defined to be
codimM := inf{ht p | p ∈ SuppM}.
From the definition, codimM ≥ n if and only if Mp = 0 for all p ∈ X
n(R).
Lemma 3.3. Let M and N be finitely generated R-modules such that CI-dimRp(Np) = 0 for
all p ∈ Xn(R). If codimTorRi (M,N) ≥ n+1 for all i≫ 0, then codimTor
R
i (M,N) ≥ n+1 for
all i ≥ 1.
Proof. Fix p ∈ Xn(R) and it suffices to show that TorRi (M,N)p = 0 for all i ≥ 1. From the
assumption we get TorRi (M,N)p = 0 for all i ≫ 0 and this implies Tor
R
i (M,N)p = 0 for all
i ≥ 1 as CI-dimRp(Np) = 0; see [3, Theorem 4.9]. 
Now we are ready to show our main theorem. The idea of the proof has been already appeared
in the proof of Proposition 2.6.
Theorem 3.4. Let n be a non-negative integer, and let R be a noetherian local ring satisfying
(Sn) if n ≥ 1 and (S1) if n = 0. Let M and N be finitely generated R-modules. Assume:
(1) N satisfies (Sn) and CI-dimRp(Np) <∞ for p ∈ X
n(R).
(2) M is stably isomorphic to the nth syzygy of an (n + 1)-Tor-rigid module M ′,
(3) codimTorRi (M,N) ≥ n + 1 for all i≫ 0,
If M ⊗R N satisfies (Sn+1), then Tor
R
i (M,N) = 0 for all i ≥ 1.
Proof. If n ≥ dimR, there is nothing to prove by the assumption (3). We may assume that
n < dimR.
First consider the case of n = 0. Using the same argument as in the proof of Proposition
2.6, we may assume N is torsion-free and hence satisfies (S1) because R satisfies (S1). It
follows from [13, Proposition 2.4] and the assumption (1) that there is a short exact sequence
0 → N → F → C → 0 with F free. Then the same proof as in Proposition 2.6 works and we
complete the proof in this case.
Next let us consider the case of n ≥ 1. Again using [13, Proposition 2.4], there is a short
exact sequence
0→ N → F → C → 0(∗)
with F free, C satisfies (Sn−1) and Ext
1
R(C,R) = 0. Since N satisfies (Sn), CI-dimRp(Np) = 0
for all p ∈ Xn(R). Thus, Ext1Rp(Cp, Rp) = 0 shows that CI-dimRp(Cp) = 0 for all p ∈ X
n(R) by
[10, Lemma 1.1.10] and [4, Theorem 1.4]. From Lemma 3.3, we have codimTori(M
′, C) ≥ n+1
for all i ≥ 1. Tensoring M with the above sequence (∗), we get an exact sequence
0→ TorR1 (M,C)→ M ⊗R N →M ⊗R F →M ⊗R C → 0.
Since M ⊗R N satisfies (Sn+1), and Tor
R
1 (M,C)
∼= TorRn+1(M
′, C) is torsion, we get
TorR1 (M,C) = 0.
Next, we prove that TorRi (M
′, C) = 0 for i = 2, . . . , n+1. To this end, we may assume n ≥ 2.
Set a :=
⋂
1≤i≤n annTor
R
i (M
′, C). It follows from codimTorRi (M
′, C) ≥ n+ 1 for all i ≥ 1 that
V(a) consists only prime ideals of height at least n + 1. Using (Sn−1) condition on C, one has
the following (in)equalities:
grade(a, C) = inf{depthRp Cp | p ∈ V (a)} ≥ inf{depthRp Cp | ht p ≥ n+ 1} ≥ n− 1.
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Here, the first equality uses [5, Proposition 1.2.10 (a)]. On the other hand, for a prime ideal p
with height at least n+ 1, the depth lemma applying to the short exact sequence
0→ (M ⊗R N)p → (M ⊗R F )p → (M ⊗R C)p → 0
implies that depthRp(M ⊗R C)p ≥ n. Thus the similar argument as above shows that
grade(a,M ⊗R C) ≥ n. Therefore we can take a sequence x := x1, . . . , xn−1 of elements
from a which is regular on both C and M ⊗R C. Then we get Tor
R
n (ΩM
′, C/x2
n−2
C) ∼=
TorR1 (M,C/x
2n−2C) = 0 by Lemma 3.1. Because x is taken from the annihilators of
TorRi (ΩM
′, C) ∼= TorRi+1(M
′, C) for 1 ≤ i ≤ n − 1, Lemma 3.2 gives us that TorRi (M
′, C) ∼=
TorRi−1(ΩM
′, C) = 0 for 2 ≤ i ≤ n+ 1.
To use the (n+1)-Tor-rigidity ofM ′, it remains to show TorR1 (M
′, C) = 0. If this is true, the
vanishing TorRi (M
′, C) = 0 for 1 ≤ i ≤ n+1 implies that TorRi (M
′, C) = 0 for all i ≥ 1 and hence
we conclude that TorRi (M,N) = 0 for all i ≥ 1. Assume the contrary that Tor
R
1 (M
′, C) 6= 0
and take p ∈ AssTorR1 (M
′, C). Notice that ht p ≥ n + 1 as codimTorR1 (M
′, C) ≥ n + 1. Let
F· be a free resolution of M
′ and decompose it into short exact sequences 0 → Ωk+1M ′ →
Fk → Ω
kM ′ → 0 for k ≥ 0. Tensoring these sequences with C, we obtain the following exact
sequences
0→ TorR1 (M
′, C)→ ΩM ′ ⊗R C →F0 ⊗R C → M
′ ⊗R C → 0
0→ Ω2M ′ ⊗R C →F1 ⊗R C → ΩM
′ ⊗R C → 0
· · ·
0→M ⊗R C →Fn−1 ⊗R C → Ω
n−1M ′ ⊗R C → 0.
Here we use TorR1 (Ω
iM ′, C) ∼= TorRi+1(M
′, C) = 0 for 1 ≤ i ≤ n. It has been already explained
above that depthRp(M ⊗R C)p ≥ n because ht p ≥ n+ 1. Using the depth lemma to the above
sequences, we obtain depthRp(ΩM
′ ⊗R C)p ≥ 1 This contradicts to p ∈ AssTor
R
1 (M
′, C). Thus
we conclude that TorR1 (M
′, C) = 0 and we are done. 
Example 3.5. Let k be a field, R := k[[x, y]]/(xy) and M := R/(x). Note that M is maximal
Cohen-Macaulay having finite complete intersection dimension. Moreover M is the first syzygy
of an 2-Tor-rigid module R/(y). Then M ⊗R M ∼= M satisfies (S2) but Tor
R
1 (M,M)
∼= k 6= 0.
This explains that the consition (3) in Theorem 3.4 is necessary. Indeed, codimTorRi (M,M) = 1
for all odd i.
For the rest of this paper, we will give several applications of the main theorem using n-Tor-
rigid modules appeared in Example 2.5.
First consider the case of n = c for complete intersection local rings of codimension c. As we
have explained in the introduction that this case of Theorem 3.4 recovers Dao’s result.
Corollary 3.6 (cf. [11, Theorem 7.6]). Let R be a complete intersection local ring of codimen-
sion c and let M,N be finitely generated R-modules. Assume:
(a) M and N satisfy (Sc).
(b) codimTorRi (M,N) ≥ c+ 1 for all i≫ 0.
If M ⊗R N satisfies (Sc+1), then Tor
R
i (M,N) = 0 for all i ≥ 1.
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Proof. The condition (1) in Theorem 3.4 follows from [4, Proposition 1.6]. Since R is complete
intersection, the assumption (a) shows that M is (stably) isomorphic to the (c+1)st syzygy of
some finitely generated R-moduleM ′. It follows from Example 2.5(1) thatM ′ is (c+1)-Tor-rigid
module. Thus, the condition (2) in Theorem 3.4 is satisfied. 
For the case of n = c − 1 over a complete intersection local ring, the main theorem also
recovers the result by Celikbas.
Corollary 3.7 (cf. [7, Theorem 3.4]). Let R be a complete intersection local ring of codimension
c ≥ 1 whose completion is a quotient of an unramified regular local ring. Let M and N be finitely
generated R-modules. Assume:
(a) M and N satisfy (Sc−1).
(b) codimTorRi (M,N) ≥ c for all i≫ 0.
If M ⊗R N satisfies (Sc), then cxR(M) = cxR(N) = c or Tor
R
i (M,N) = 0 for all i ≥ 1.
Proof. If cxR(M) < c or cxR(N) < c, then M or N is c-Tor-rigid by [11, Corollary 6.8]. Thus,
using the similar argument as above, we can apply Theorem 3.4 for n = c− 1. 
Recall that an ideal I of R is called Burch if it satisfies mI 6= m(I : m); see [12]. An ideal I
is Burch if it is of the form mJ , integrally closed, or m-primary weakly m-full ideal; see [12] for
details. It has been shown in [6, Theorem 5(ii)] that every Burch ideal I is the first syzygy of
a 2-Tor-rigid module R/I.
Corollary 3.8. Let R be a noetherian local ring satisfying (S1), I a Burch ideal, and N a
finitely generated R-module. Assume:
(a) N satisfies (S1) and CI-dimNp <∞ for p ∈ X
1(R).
(b) ht I ≥ 2.
If I ⊗R N satisfies (S2), then pdRN ≤ 2.
Proof. We apply Theorem 3.4 for R-modules N and M := I. Since ht I ≥ 2, I is locally free on
X
1(R) and hence the condition (3) in Theorem 3.4 is satisfied. The condition (2) follows from
Example 2.5(3). Thus, Theorem 3.4 shows that TorRi+1(R/I,N)
∼= TorRi (I, N) = 0 for i ≥ 1.
Again using [6, Theorem 5(ii)], we conclude that pdRN ≤ 2. 
Acknowledgments. The author is grateful to Olgur Celikbas for his helpful comments during
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